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We derive the renormalization group evolution of the quartic scalar theory with spontaneous
symmetry breaking from an alternative flow equation, obtained within the externally sourced two-
particle irreducible framework due to Garbrecht and Millington. In order to make a straightforward
comparison with the evolution from the standard Wetterich-Morris-Ellwanger equation, we employ
the Litim regulator, work to lowest order in the derivative expansion and neglect anomalous scaling.
By this means, we illustrate the leading differences between analytic expressions for the resulting
threshold and (non-perturbative) beta functions. In four dimensions, we find that the positions
of the potential minima and the cosmological constant evolve more rapidly with scale compared
to the standard approach, whereas the quartic coupling evolves more slowly, albeit by a small
amount. These differences may have implications for the asymptotic safety programme, as well as
our understanding of the non-perturbative scale evolution of the Standard Model Higgs sector.
The standard flow equation of the functional renor-
malization group (RG), due to Wetterich [1], Morris [2]
and Ellwanger [3] (and Reuter [4] in the case of gravity),
can be derived from the average one-particle irreducible
(1PI) effective action [5]
Γ1PIav [φ,Rk] = W [Jk,Rk] + Jk,xφx +
1
2
φxRk,xyφy, (1)
which depends on the RG scale k through the regula-
tor Rk. Herein, we have used the DeWitt convention in
which repeated continuous indices (here, the spacetime
coordinates x and y) are integrated over. The average
1PI effective action is defined as a ‘modified’ Legendre
transform of the (Euclidean) Schwinger function
W [Jk,Rk] = −~ ln
∫
DΦ exp
[
−1
~
(
S[Φ]
− Jk,xΦx − 1
2
ΦxRk,xyΦy
)]
. (2)
Recently, however, it was shown [6] that an alternative
derivation, based on an approach to the two-particle ir-
reducible (2PI) effective action [7] due to Garbrecht and
Millington [8] (see also Ref. [9]) in which the role of the
sources is fully exploited, leads to a different flow equa-
tion. In this framework, the regulator of the RG evolu-
tion is consistently associated with the two-point source
of the 2PI effective action. The regulator-sourced 2PI
effective action is then defined as the following double
Legendre transform of the Schwinger function:
Γ2PI[φ,∆k] = W [Jk,Rk] + Jk,xφx
+
1
2
Rk,xy (φxφy + ~∆k,xy) , (3)
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where ∆k,xy is the source-dependent two-point function.
The regulator-sourced 2PI approach differs from that of
the average 1PI by the implementation of an additional
Legendre transform with respect to the regulator.
The two distinct flow equations are as follows:
∂kΓ
2PI[φ,∆k] = +
~
2
STr (Rk∂k∆k) , (4a)
∂kΓ
1PI
av [φ,Rk] = −
~
2
STr (∆k∂kRk) , (4b)
where STr indicates the supertrace over spacetime coor-
dinates and internal indices, and ∆kRk ≡ ∆k,xzRk,zy.
Notice that Eqs. (4a) and (4b) differ by a term
∂k (Rk∆k) /2, which results from the additional Legen-
dre transform and is, in general, non-zero (see Ref. [6]).
In this letter, we motivate further comprehensive study
of this new RG flow by identifying the key differences
compared to the standard approach for the quartic scalar
theory with spontaneous symmetry breaking.
We remark that we have so far employed an unusual
sign convention on the regulator Rk, which is motivated
by our sign convention on the two-point source in the
definition of the 2PI effective action. Otherwise, and to
facilitate comparisons with the existing literature, we fol-
low the notation of the review presented in Ref. [10] as
far as practicable in the remainder of this letter. (For
other reviews on the functional RG, see Refs. [11–13].)
Hereafter, we work in natural units, setting ~ = 1.
Proceeding by means of the derivative expansion, we
can write the 2PI effective action as
Γ2PI[φ,∆k] =
∫
ddx [Uk(ρ)
+
1
2
Zk(ρ, (∂φ)
2)∂µφ∂µφ+O(∂4)
]
, (5)
where ρ ≡ φ2/2. In addition, we take the following ansatz
for the form of the scale-dependent potential:
Uk(ρ) =
1
2
gk (ρ− ρ¯k)2 + Λk, (6)
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2where gk, Λk and ρ¯k are constant with respect to ρ. Note
that we have dropped an infinite series of terms in higher
powers of ρ − ρ¯k. It is convenient to introduce the di-
mensionless parameters
κk = Z¯kk
2−dρ¯k, (7a)
λk = Z¯
−2
k k
d−4gk, (7b)
where Z¯k ≡ Zk(ρ¯k, k2), such that
Uk(ρ) =
1
2
kdλk(Z¯kk
2−dρ− κ)2 + Λk. (8)
For constant ρ, the regulator-sourced 2PI flow equation
in Eq. (4a) yields
∂tUk(ρ) =
1
2
∫
q
Rk(q2)∂t∆k(ρ, q2), (9)
where ∂t ≡ k∂k,
∫
q
≡ ∫ ddq
(2pi)d
and
∆k(ρ, q
2) =
1
Zk(ρ, q2)q2 −Rk(q2) + U ′k(ρ) + 2ρU ′′k (ρ)
(10)
is the two-point function (again for constant ρ). It is
convenient to re-express this in the form
∆k(ρ, q
2) =
1
q2(zk(ρ, q2) + rk(q2)) + k2ωk(ρ)
, (11)
where we have defined
zk(ρ, q
2) ≡ Zk(ρ, q
2)
Z¯k
, (12a)
rk(q
2) ≡ −Rk(q
2)
Z¯kq2
, (12b)
ωk(ρ) ≡ U
′
k + 2ρU
′′
k
k2Z¯k
= λk(3Z¯kk
2−dρ− κk). (12c)
In order to make our comparison of the RG evolutions
as explicit and straightforward as possible, we will work
to lowest order in the derivative expansion, taking Zk =
Z¯k (zk = 1). In addition, we will neglect all contributions
from the anomalous dimension ηk = −∂t ln Z¯k. We note,
however, that the anomalous dimension is determined
from the flow equation for the two-point function, which
is itself obtained by functional differentiation of Eqs. (4a)
or (4b) with respect to φ. It will therefore differ between
the two approaches compared here.
By rewriting the integral on the right-hand side of
Eq. (9) in the form
1
2
∫
q
Rk (∂t∆k) = −1
2
∫
q
(∂tRk) ∆k + 1
2
∫
q
∂t (Rk∆k)
≡ 2vdkd
[
`d0(ωk) + δ`
d
0(ωk)
]
, (13)
where
v−1d ≡ 2d+1pid/2Γ(d/2), (14)
we can isolate the difference δ`d0(ωk) between the stan-
dard threshold function `d0(ωk) and that which arises
in the regulator-sourced 2PI flow equation. Under the
coarse approximations identified above, these threshold
functions are given by
`d0(ωk) = +
1
4vdkd
∫
q
q2∂trk
q2(1 + rk) + k2ωk
, (15a)
δ`d0(ωk) = −
1
4vdkd
∫
q
q2∂t
rk
q2(1 + rk) + k2ωk
, (15b)
where we have suppressed the arguments on rk and ωk
for notational convenience.
We obtain the following system of flow equations for
the potential, and κk and λk, obtained respectively from
Eq. (9), and its first and second derivatives with respect
to ρ at ρ = ρ¯k (ωk = 2κkλk):
∂tUk(ρ) = 2vdk
d
[
`d0(ωk) + δ`
d
0(ωk)
]
, (16a)
∂tκk = (2− d)κk + 6vd
[
`d1(2κkλk) + δ`
d
1(2κkλk)
]
,
(16b)
∂tλk = (d− 4)λk + 18vdλ2k
[
`d2(2κkλk) + δ`
d
2(2κkλk)
]
.
(16c)
The higher threshold functions are defined iteratively via
(δ)`d1(ωk) = −∂ωk(δ)`d0(ωk), (17a)
(δ)`d2(ωk) = −∂ωk(δ)`d1(ωk). (17b)
We emphasise that all contributions from the anomalous
dimension have been omitted.
Making use of the Litim regulator [14]
Rk(q2) = Z¯k
(
q2 − k2)Θ (k2 − q2) , (18)
the lowest-order threshold functions can be evaluated an-
alytically, and we obtain
`d0(ωk) =
2
d
1
1 + ωk
, (19a)
δ`d0(ωk) = −
2
d+ 2
1
1 + ωk
+
2
d(d+ 2)
∂tωk
(1 + ωk)2
. (19b)
Notice that the regulator-sourced 2PI threshold function
depends on ∂tωk. It follows from Eq. (12c) that
∂tωk = 3λk(2−d)Z¯kk2−dρ+(3Z¯kk2−dρ−κk)∂tλk−λk∂tκk.
(20)
Substituting for the κk and λk flow equations from
Eqs. (16b) and (16c), keeping only the tree-level con-
tributions (consistent with working to first order in ~ in
the flow equations), we can show that
∂tωk = −2ωk. (21)
It then follows that
δ`d0(ωk) = −
2
d+ 2
1
1 + ωk
− 4
d(d+ 2)
ωk
(1 + ωk)2
, (22)
3and we obtain
`d1(ωk) =
2
d
1
(1 + ωk)2
, (23a)
δ`d1(ωk) = −
2(d− 2)
d(d+ 2)
1
(1 + ωk)2
− 8
d(d+ 2)
ωk
(1 + ωk)3
,
(23b)
`d2(ωk) =
4
d
1
(1 + ωk)3
, (23c)
δ`d2(ωk) = −
4(d− 4)
d(d+ 2)
1
(1 + ωk)3
− 24
d(d+ 2)
ωk
(1 + ωk)4
.
(23d)
After substituting the threshold functions into
Eq. (16), we arrive at the following evolution equations
for the parameters Λk, κk and λk:
∂tΛk =
8vdk
d
d(d+ 2)
1
(1 + 2κkλk)2
, (24a)
∂tκk ≡ βκ = (2− d)κk + 48vd
d(d+ 2)
1
(1 + 2κkλk)3
, (24b)
∂tλk ≡ βλ = (d− 4)λk + 432vd
d(d+ 2)
λ2k
(1 + 2κkλk)4
. (24c)
These results should be compared with the corresponding
expressions derived from the Wetterich-Morris-Ellwanger
flow equation for the same ansatz in Eqs. (5) and (6)
(applied to Γ1PIav ), the same regulator in Eq. (18), and
under the same coarse approximations:
∂tΛk|1PI =
4vdk
d
d
1
1 + 2κkλk
∣∣∣∣
1PI
, (25a)
∂tκk|1PI = (2− d)κk +
12vd
d
1
(1 + 2κkλk)2
∣∣∣∣
1PI
, (25b)
∂tλk|1PI = (d− 4)λk +
72vd
d
λ2k
(1 + 2κkλk)3
∣∣∣∣
1PI
. (25c)
In Fig. 1, we plot the evolutions of the parameters
Λk/k
d, κk and λk in d = 2, d = 3 and d = 4, sub-
ject to the regulator-sourced 2PI and Wetterich-Morris-
Ellwanger flow equations in Eqs. (24) and (25). We see
that the qualitative behaviour of the evolution is similar
in each case. However, the evolution of κk is faster in the
regulator-sourced 2PI flow than the Wetterich-Morris-
Ellwanger flow for d = 3 and d = 4. While not visible in
the plots, the flow of λκ is slower in each case, albeit by
a small amount. Even so, in non-perturbative regimes,
the difference in the scaling of the threshold functions
may lead to more significant deviations between the two
systems of flow equations.
In this letter, we have compared the regulator-sourced
2PI and average 1PI flow equations for the quartic scalar
theory with spontaneous symmetry breaking. While this
analysis is based on a coarse approximation, our results
make clear the motivations for undertaking comprehen-
sive comparisons to higher order in the derivative ex-
pansion and accounting fully for the anomalous scaling.
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FIG. 1. RG evolution of Λk/k
d (orange), κk (green) and λk
(blue) from the regulator-sourced 2PI (solid) and Wetterich-
Morris-Ellwanger (dashed) flow equations to lowest order in
the derivative expansion, neglecting anomalous scaling and for
the Litim regulator. The boundary conditions are Λk/k
d =
κk = λk = 0.5 at k/µ = 10
−6, where µ is a mass scale.
The differences between these approaches may, for in-
stance, have implications for the asymptotic safety pro-
gramme [15] (see, e.g., Refs. [16–22], and Refs. [23–26]
for reviews in the context of quantum gravity), as well as
our understanding of the non-perturbative RG evolution
of the Standard Model Higgs sector (see, e.g., Ref. [27]).
4ACKNOWLEDGMENTS
This work is based in part on the masters disserta-
tions of EA and JN, supervised by PM in the School
of Physics and Astronomy at the University of Notting-
ham. The work of PM is supported by a Leverhulme
Trust Research Leadership Award, and the work of PMS
is supported by the UK Science and Technology Facilities
Council (STFC) under Grant No. ST/P000703/1.
[1] C. Wetterich, Exact evolution equation for the effec-
tive potential, Phys. Lett. B 301 (1993) no. 1, 90–94
[arXiv:1710.05815 [hep-th]].
[2] T. R. Morris, The exact renormalization group and ap-
proximate solutions, Int. J. Mod. Phys. A 9 (1994) no. 14,
2411–2449 [hep-ph/9308265].
[3] U. Ellwanger, Flow equations for N point functions and
bound states, Z. Phys. C 62 (1994) no. 3, 503–510 [hep-
ph/9308260].
[4] M. Reuter, Nonperturbative evolution equation for quan-
tum gravity, Phys. Rev. D 57 (1998) no. 2, 971–985 [hep-
th/9605030].
[5] C. Wetterich, Average action and the renormalization
group equations, Nucl. Phys. B 352 (1991) no. 3, 529–
584.
[6] E. Alexander, P. Millington, J. Nursey and P. M. Saffin,
An alternative flow equation for the functional renormal-
ization group, arXiv:1907.06503 [hep-th].
[7] J. M. Cornwall, R. Jackiw and E. Tomboulis, Effective
action for composite operators, Phys. Rev. D 10 (1974)
no. 8, 2428–2445.
[8] B. Garbrecht and P. Millington, Constraining the effec-
tive action by a method of external sources, Nucl. Phys.
B 906 (2016) 105–132 [arXiv:1509.07847 [hep-th]].
[9] P. Millington and P. M. Saffin, Visualising quantum ef-
fective action calculations in zero dimensions, in press J.
Phys. A: Math. Theor. [arXiv:1905.09674 [hep-th]].
[10] J. Berges, N. Tetradis and C. Wetterich, Nonperturbative
renormalization flow in quantum field theory and statis-
tical physics, Phys. Rep. 363 (2002) no. 4–6, 223–386
[hep-ph/0005122].
[11] J. M. Pawlowski, Aspects of the functional renormali-
sation group, Ann. Phys. 322 (2007) no. 12, 2831–2915
[hep-th/0512261].
[12] H. Gies, Introduction to the functional RG and applica-
tions to gauge theories, in Renormalization Group and
Effective Field Theory Approaches to Many-Body Sys-
tems, eds. A. Schwenk and J. Polonyi, Lect. Notes Phys.
852 (2012) 287–348 [hep-ph/0611146].
[13] O. J. Rosten, Fundamentals of the exact renormal-
ization group, Phys. Rep. 511 (2012) no. 4, 177–272
[arXiv:1003.1366 [hep-th]].
[14] D. F. Litim, Critical exponents from optimized renormal-
ization group flows, Nucl. Phys. B 631 (2002) nos. 1–2,
128–158 [hep-th/0203006].
[15] S. Weinberg, Ultraviolet divergencies in quantum the-
ories of gravitation, in General Relativity: An Einstein
Centenary Survey, eds. S. W. Hawking and W. Israel
(Cambridge University Press, Cambridge, 1979), p. 790–
809.
[16] M. Shaposhnikov and C. Wetterich, Asymptotic safety
of gravity and the Higgs boson mass, Phys. Lett. B 683
(2010) nos. 2–3, 196-200 [arXiv:0912.0208 [hep-th]].
[17] A. Eichhorn and H. Gies, Ghost anomalous dimension in
asymptotically safe quantum gravity, Phys. Rev. D 81
(2010) no. 10, 104010 [arXiv:1001.5033 [hep-th]].
[18] J. A. Dietz and T. R. Morris, Asymptotic safety
in the f(R) approximation, J. High Energy Phys.
JHEP01(2013)108 [arXiv:1211.0955 [hep-th]].
[19] D. F. Litim and F. Sannino, Asymptotic safety guaran-
teed, JHEP 1412 (2014) 178 [arXiv:1406.2337 [hep-th]].
[20] K. Falls, D. F. Litim, K. Nikolakopoulos and
C. Rahmede, Further evidence for asymptotic safety of
quantum gravity, Phys. Rev. D 93 (2016) no. 10, 104022
[arXiv:1410.4815 [hep-th]].
[21] A. D. Bond and D. F. Litim, Theorems for asymptotic
safety of gauge theories, Eur. Phys. J. C 77 (2017) no. 6,
429 [Erratum: Eur. Phys. J. C 77 (2017) no. 8, 525]
[arXiv:1608.00519 [hep-th]].
[22] K. G. Falls, D. F. Litim and J. Schro¨der, Aspects of
asymptotic safety for quantum gravity, Phys. Rev. D 99
(2019) no. 12, 126015 [arXiv:1810.08550 [gr-qc]].
[23] M. Niedermaier and M. Reuter, The asymptotic safety
scenario in quantum gravity, Living Rev. Relativ. 9
(2006) 5.
[24] A. Codello, R. Percacci and C. Rahmede, Investigating
the ultraviolet properties of gravity with a Wilsonian
renormalization group equation, Ann. Phys. 324 (2009)
no. 2, 414–469 [arXiv:0805.2909 [hep-th]].
[25] M. Reuter and F. Saueressig, Quantum Einstein gravity,
New J. Phys. 14 (2012) 055022 [arXiv:1202.2274 [hep-
th]].
[26] A. Eichhorn, An asymptotically safe guide to quantum
gravity and matter, Front. Astron. Space Sci. 5 (2019)
47 [arXiv:1810.07615 [hep-th]].
[27] A. Eichhorn, H. Gies, J. Jaeckel, T. Plehn, M. M. Scherer
and R. Sondenheimer, The Higgs mass and the scale of
new physics, JHEP 1504 (2015) 022 [arXiv:1501.02812
[hep-ph]].
